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PREFACE 
The  o b j e c t  of t h i s  paper i s  t o  i n v e s t i g a t e  i n t o  redun- 
dancy techniques t o  improve t h e  r e l i a b i l i t y  of l o g i c  c i r -  
c u i t s  and t o  p re sen t  some new concepts. 
The author  wishes t o  acknowledge t h e  guidance and support 
given t o  h i m  by Dr. N. T. Grisamore and Professor  D. K. Anand, 




R e l i a b i l i t y  has assumed g r e a t  importance i n  t h e  p a s t  
decade, c h i e f l y  because of the h ighly  complex na tu re  of some 
systems and the  importance of t h e i r  missions.  R e l i a b i l i t y  
may be defined a s  the  p r o b a b i l i t y  t h a t  a t  any given time a 
system or equipment w i l l  operate  wi th in  the  prescr ibed  range 
o f  p r e c i s i o n  and r a t e  of performance. 
performance teyond the  s p e c i f i e d  l i m i t s  i s  considered as 
f a i l u r e  . 
The dev ia t ion  of t h e  
The conventional techniques f o r  achieving high r e l i a b i l i t y  
include ensuring high component r e l i a b i l i t y ,  conservat ive 
design, one hundred per cen& screening of  p a r t s ,  improved 
manufacturing and production processes  and d e t a i l e d  analy- 
s is  of f a i l u r e  r e p o r t s  and proper  c o r r e c t i v e  ac t ion .  
Cer ta in  appl ica t ions ,  which include defense and space 
research  s a t e l l i t e s ,  demand very high r e l i a b i l i t y  of systems 
and t h e  conventional techniques may f a i l  t o  y i e l d  t h e  des i r ed  
l e v e l  of r e l i a b i l i t y .  
any c o s t .  
may no t  be poss ib le .  In  such cases ,  t h e  l a c k  of r e l i a b i l i t y  
could be a s e r ious  problem. The probkm, i n  b r i e f ,  i s  t o  
F a i l u r e s  may have t o  be avoided a t  
Maintenance action(rep1acement of f a i l e d  p a r t s )  
1 
cons t ruc t  r e l i a b l e  systems f r o m  less  r e l i ab le  components. 
T h i s  has been s tud ied  f o r  a long time and redundancy has 




What i s  "Redundancy"? Any m a t e r i a l  or ingprmation, which 
f o m s  a p a r t L o f  a system but  which i s  no t  abso lu t e ly  neces- 
s a ry  for the proper  operat ion of t h e  system under normal 
conditions,  i s  considered redundant. But when t h e r e  i s  a 
malfunction i n  the system t h i s  redundant m a t e r i a l  o r  i n fo r -  
mation could be designed t o  prevent f a i l u r e  of t h e  system. 
Redundancy i n  a P i g i t a l  system may be i n  the form of 
hardware o r  information. I n  the  former type of redundancy, 
a s i n g l e  sybsystem o r  a l o g i c  u n i t  i s  replaced by redundant 
u n i t s .  Obvious disadvantages of t h i s  type of redundancy a r e  
increased weight and cost ;  b u t  w i t h  t h e  r ecen t  r a p i d  advances 
i n  microminiaturiazation, these  do not  p re sen t  t o o  b i g  a 
pro@lem. 
InSormation redundancy i s  said t o  e x i s t  when a u n i t  of 
information has more b i t s  than are abso lu te ly  necessary t o  
represent  it. E r r o r  checking codes a r e  a good example of 
information redundancy. 
The purpose of t h i s  paper i s  t o  investigate,.some of t h e  
3 
. 
P important redundancy techniques and t o  present  some additiori- 
a1 concepts.  
considered. An attempt has not  been made t o  explore  deeply 
i n t o  any of t h e  a d d i t i o n a l  concepts, although the  appl ica-  
t i o n s  of some of them have been b r i e f l y  ind ica t ed .  




U I . W . - W &  . - , Q ~ T P ~ Q ~  n authors including M ~ o r e  am3 Shzru.-i~z, 1 mu-,--.. ,.I J WLI,  2 
von Neumann3 and Maithra4 have developed differen-it- 'schemes 
t o  improve t h e  r e l i a b i l i t y  of systems through redundancy. 
T h e  most bas i c  and y e t  e f f e c t i v e  concept w a s  introduced by 
von N e u m a n n ,  us ing  the p r i n c i p l e  of Majori ty  Organ. 
The use of major i ty  organ f o r  t r i p l e  redundancy i s  as 
follows: 
and each subsystem i s  replaced by t h r e e  i d e n t i c a l  subsystems. 
The system i s  divided i n t o  a number of subsystems 
E. F. Moore and C .  E. Shannon, "Rel iable  C i r c u i t s  Using 
Less Rel iab le  Realys", Jour. of t h e  Frankl in  I n s t . ,  262, 
191-208 (Sept.  1956), 281-297 ( O c t o  1956). 
J. G. Tryon, "Quadded Logic", Redundamy Techniques f o r  
Computer Systems , Spartan Press,  1962. 
2 
' J. von Neumann, 11 P r o b a b i l i s t i c  Logics and the Synthes is  
of Rel iab le  Organisms from Unre l iab le  Components", 
Automata S tudies ,  Princeton Univers i ty  Press ,  1956. 
K. K. Maithra, " S t a b i l i t y  of Logical metworks and i t s  
Applicat ion to Improvement of R e l i a b i l i l t y " ,  I R E  Trans. 




The outputs  of  the redundant sybsystems are res-trored by the  
major i ty  organ o r  t he  vote t a k e r  (Fig.  1). The output  of 
t h e  major i ty  organ i s  the  same as t h e  majori ty  of t h e  inputs .  
The r e l i a b i l i t y  of the redundant conf igura t ion  i s  
where r m o  = t h e  r e l i a b i l i t y  of t he  major i ty  organ 
r = t n e  r e l i a b i l i t y  of t h e  non redundant system 
A p l o t  of t h e  subsystem r e l i a b i l i t y  ESs i s  shown i n  
f i g u r e  2, for t h e  case of t he  p e r f e c t  major i ty  organ 
( 1  mo = 3 ) .  It i s  seen tha t  improvement i n  r e l i a b i l i t y  i s  
achieved only when r, 0.5. 
r 
For t h e  more general  case,  
where 'is - t h e  redundant system r e l i a b i l i t y  
m - t h e  number of subsystems i n t o  wnich the  
system i s  broken 
r - the  non redundant subsystem r e l i a b i l i t y  
2n+l - t h e  number of redundant subsystems 
- t h e  r e l i a b i l i t y  of t h e  major i ty  organ r mP 
The p r i n c i p l e  used i n  a r r i v i n g  a t  ( 2 )  i s  t h a t  the major i ty  
of t h e  redundant u n i t s  and the  major i ty  organ f u m t i o n  pro- 
p e r l y  t o  ensure success.  
6 
.. 
x *x 2 3  






Figure 2 Redundant System R e l i a b i l i t y  
8 
Deta i led   investigation^^,^ have been made i n t o  t h i s  tech- 
nique and q u a n t i t a t i v e  r e s u l t s  have been e s t ab l i shed .  
has been shown that t h e  lower t h e  l e v e l  a t  which redundancy 
i s  introduced, t he  higher t he  r e l i a b i l i t y .  I n  o the r  
words, t he  l a r g e r  t h e  number of subsystems, t h e  higher  the 
r e l i a b i l i t y .  
Appendix B. 
It 
A c l o s e r  examination of t h i s  i s  made i n  t h e  
T;. 
Grisamore and de Pian' have shown t h a t  i n  c e r t a i n  cases ,  
r e l i a b i l i t y  h igher  than t h a t  of t he  majo-rlty scheme could 
be achieved by choosing a proper f.unction s = f ( x l x p 0 ~ . x n ) ,  - 
where 'rs'' i s  t h e  output of t h e  redundant conf igura t ion  and 
xlx 2 . . . ~ n  a r e  the  outputs of t h e  redundant wits. The au thors  
have descr ibed a l i n e a r  average, 
although t h i s  is  no t  the b e s t  func t ion .  
Tsoukias has shown t h a t  a nonl inear  average, 
Subsequently, 
8 
3 a x, + - - - + &  & s = [  a 
y i e l d s  b e t t e r  r e s u l t s  than t h e  l i n e a r  average method. 
J .  K. Knox Se i th ,  
Systems by Redundancy and Restor ing Organs'!, Stanford 
E lec t ron ic s  Laborator ies ,  Technical Report, N o .  4816-2 
L. E. Doster t ,  Jr., B.  A .  M c G i l l ,  D e  0. Baechler, '!Applic- 
a t i o n  of von Neumann Redundancy Techniques t o  the  Relia- 
b l e  Design of D i g i t a l  Computers", A R I N C  Research Corporation 
F i n a l  Summary Report, 
L. de Pian and N .  T.  Grisamore, " R q l i a b i l i t y  Using Redun- 
dancy Concepts", IRE Trans. on R e l i a b i l i t y  and Control,  1960 
Panos M. Tsoukias, ''A study of t h e  Averaging Method f o r  
E e l i a b i l i t y  Improvement", A Master ' s  Thesis  of the George 
Washington University.  
"Improving the  R e l i a b i l i t y  of D i g i t a l  
6 
167-1-293, A p r i l  1962. 
8 
9 
Pierceg  has proposed a scheme i n  which t h e  outputs  of 
tlie redundant u n i t s  have "weighted" votes .  A p a r t i c u l a r  
case of i n t e r e s t  i s  when t h e  weights a r e  1 and 0 .  The output 
of t h e  redu_ndant u n i t  i s  compared w i t h  t h e  output of t he  major- 
i t y  organ (which i s  assumed c o r r e c t )  and when t h e  number of 
t imes t h e  former d i f f e r s  from the l a t t e r  exceeds a pre-spec- 
i f i e d  value, the  former is  c u t  ou t .  
Although a number of improved concepts have been proposed, 
t h e  major i ty  scheme i s  very p r a c t i c a l  and e f f e c t i v e  because 
of t h e  s i m p l i c i t y  and the ease w i t h  which it i s  r e a l i z e d .  
Whereas most of the  proposed schemes a r e  y e t  t o  be e f f e c t i v e l y  
implemented, t h e  t r i p l e  redundancy technique using ma jo r i ty  
p r i n c i p l e  has been success fu l ly  appl ied  t o  t h e  c i r c u i t s  of 
t h e  computer used i n  the Sa tu rn  V Launch Vehicle.  
T r ip l e  modular redundancy used i n  t h e  above computer r e a l i z e s  
10,11 
11. H. Pierce,  "Improving B e l i a b i l i t y  of D i g i t a l  Systems 
by Iiedundancy and Adaption", Stanford E lec t ron ic s  Labs., 
Technical Report N o .  1552-3. 
11  'E,. D .  P. Rozenberg and H. L. Ergot t ,  Modular Redundancy 
f o r  Spaceborne Computers", I n t e r n a t i o n a l  Business Machines 
Corporation I n t e r n a l  Report No. 62-825-494. Oct . 1962. 
11 M. M. Dickinson, J. B. Jackson and G. C .  Randa, Sa tu rn  
V Launch Vehicle D i g i t a l  Computer and Data Adapter"--1BM 
Report N o .  64-825-1179. September 1964. 
10 
twenty f o l d  increase  i n  r e l i a b i l i t y  w i t h  t h ree  and one ha l f  
ti.?nes more components than  a non-redundant system. Computer 
logic i s  divided i r , to  seven sec t ions ,  each of which c o n s i s t s  
of t h r e e  i d e n t i c a l  mod:lles. 
3 .  
wnenever t h e  module outputs  are not  i d e n t i c a l ,  
The scheme i s  ou t l ined  i n  f i g u r e  
The disagreement de t ec to r  (De I). ) s i g n a l s  t o  the  ground 
Let 5s now explore  t?-e FoFxLt,i l i ty of  using two ider , t i ca l  
xTits, whose outputs  a r e  X and X,. :/%%en the  two units func- 1 c 
t , ion properly,  X1 and X2 a re  i d e n t i c a l .  C i s  a r e s t o r i n g  - -  
* x, + X1' x2 Y1 = x1 - u n i t  and has two outputs  Y1 and Y2. 
is  an e r r o r  d e t e c t i n g  s i g n a l  and is  11 on" when X1 and X2 d i s -  
agree. 
"GR" of the  i n p u t s  XI , X2" 
Y2> t h e  r e s to red  output,  may be a l o g i c a l  "AND" o r  
I n  o t h e r  words, 
Y2 = x1 X2 o r  Y, = X1 + X,> - - 
AlthougQ no great gain i f i  r e l i a b i l i t y  i s  achieved by 
t h i s  scheme it could be e f f e c t i v e l y  used once de t a i l s  of 
c i r c u i t s  and l o g i c  a r e  known. The exact  ex ten t  of i ts .  use 
o r  the imporvement i n  r e l i a b i l i t y  achieved depends on the  
na tu re  of f a i l u r e .  Let us cons ider  t h e  c a s e  when A fa i l s .  
I f  A f h i l s  i n  such a way t h a t i t s  output  i s  always a l o g i c a l  1, 
then Yr = XI' X, would yieLd Y, = X, 1 = X-. which i s  
correct .  
2 - d' 
However, i f  li f a i l s  i n  such a way t h a t  i t s  output  
11 
3 
Figure 4 3iJA.L 3Zl)iVDANCY (A AND B IDENTICAL UNIT: -
1; 
i s  always a l o g i c a l  0, Y 
output  only when X2 i s  zero.  
l i k e l y  error, t ha t  is tne output  i s  1 when it should actually 
= X2 0 = 0, which i s  t h e  c o r r e c t  
Thus if a l o g i c a l  1 i s  a more 
be 0, Y2 = X1 * X2 would be more r e l i a b l e .  
i c a l  0 i s  a more l i k e l y  e r r o r ,  t ha t  i s  the  output  i s  0 when 
it sould a c t u a l l y  be 1. Y2 = X + X2 i s  more r e l i a b l e .  T h i s  
i s  e a s i l y  s.een. 
However i f  5 log- 
1 
Let u s  now cons ider  t h e  I ?  worst case"  f a i l u r e ,  t h e  aase 
i n  which t h e  c i r c u i t  y i e l d s  a 0 when t h e  c o r r e c t  value i s  
1 and 1 when t h e  co r rec t  value i s  0. Consider the fol lowing 
units of i n f o m a t i o n :  
a)  0110110 cor rec t  output  information unit. 
b )  1001001 output when the non-redundant u n i t  fa i l s .  
c )  0000000 output, when Y2 = X1 X2 and A f a i l s  
(worst case f a i l u r e ) .  
d )  1111111 output  when Y2 = X1 + X2 and A fai1.s. 
An examination of the above shows t h a t  i n  t h e  case of 
t h e  worst case f a i l u r e  o f  a non-redundant un i t ,  the  "d is tance"  
(binary)  between t h e  c o r r e c t  and t h e  i n c o r r e c t  information 
units i s  the l e n g t h  of the information u n i t  i t s e l f .  But, 
for the redundant configurat ion,  t h e  "d is tance"  between t h e  
c o r r e c t  output  and the i n c o r r e c t  output  i s  reduced. I n  t h e  
example given above, the "gain i n  d i s t ance"  using redundancy 
14 
i s  3 b i t s  f o r  Y,> = XI X2 and 4 b i t s  f o r  Y2 = XI + X2- 
It should be noted that the  "gain'! so achieved i s  a l s o  a func- 
t i o n  of t he  b i t s  of t h e  information u n i t .  For, i f  t he  cor- 
L 
r e c t  information u n i t  was 1111111, Y2 = XI * X2 (when A 
fa i l s )  yields 0000000 which would a l s o  have been t h e  output 
i f  no redundancy was used. Thus no ga in  i n  d i s t ance  i s  achi- 
eved. The above information block i s  the  worst case f o r  
1 
2" Y , = X  + x  - 1 
L e t  us  now t u r n  oar a t t e n t i o n  t o  the s i g n a l  Yl0 We 
r e c a l l  t h a t  Y1 d e t e c t s  f a i l u r e  only when one of the  u n i t s  
( A o r  B )  f a i l s ,  not  when both f a i l .  
mean a temporary f a i l u r e .  
mean a permanent f a i l u r e .  I n  such a case,  w e  could s top  
A s i n g l e  s i g n a l  Y1 may 
When Y1 i s  continuously 1, it may 
processing and tes t  f o r  t h e  f a i l e d  conf igura t ion  by running 
a t e s t  sequence ( t h e  co r rec t  output  of which i s  known before- 
hand) and i s o l a t e  the  f a i l e d  u n i t .  Human i n t e r f e r e n c e  i s  
no t  t o t a l l y  necessary f o r  t h i s  procedure,  For, when the  
disagreement d e t e c t o r  d e t e c t s  an a r b i t r a r i l y  long sequencs 
of d i sagree ing  b i t s ,  a c o n t r o l  s i g n a l  could be generated 
which automatical ly  car-ys  out  the d iagnos t ic  procedure e 
We shal l  no t  attempt a d e t a i l e d  i n v e s t i g a t i o n  of t h i s  here .  
The technique described i n  t h i s  s e c t i o n  i s  e f f e c t i v e  i n  
t h e  following respec ts :  (1) It d e t e c t s  t h e  f a i l u r e  of a 
c i r c u i t  (only when one of t he  two u n i t s  f a i l s ) .  
b inary  "d is tance"  between t h e  c o r r e c t  and i n c o r r e c t  informa- 
t i o n  u n i t s  i s  r edwed  genera l ly .  ( 3 )  When one of the  re- 
d~mdant  blocks fa i l s ,  t h i s  scheme could be designed t o  run 
a d iagnos t i c  sequence, which may o r  may not  need hman  in- 
t e r f e r e n c e .  
( 2 )  The 
Information Redundancy 
I n  sec t ion  1, t h e  Ivlajority Organ method of improving 
r e l i a b i l i t y  i n  two l e v e l  l o g i c  c i r c u i t s  was ou t l ined .  I n  
s e c t i o n  2, t h e  p r inc ip l e  of d u a l  redundancy w a s  considered. 
30th t he  above techniques used hardware redundancy. 
sec t ion ,  we i n t r o d w e  the concept of "Information E e l i a b i l i t y "  
and i n v e s t i g a t e  i n t o  Information Redundancy. 
I n  t h i s  
The CoEcept of Information E e l i a b i l i t y  
When we s tar t  processing o r  handl ing information, we can 
assume t h a t  t h e  i n f c r m t i o n  i s  c o r r e c t  or; t he  p r o b a b i l i t y  
QJ? i t s  keing c o r r e c t  i s  1. 
o r  i n  o t h e r  words, as the d a t a  b i t s  pass  through l o g i c  systems 
and s torage  devices,  redundant or not ,  t he  processed informa- 
t i o n  i s  l i k e l y  t o  be not one hundred per  cent  c o r r e c t ,  because 
of the f a i l u r e  of c i rcu i t s ( temp0rary  or  permanent) and noise,, 
Thus it i s  easy t o  see  t h a t  a s  information b i t s  pass  through 
phys ica l  devices,  t h e  p robab i l i t y  t h a t  a b i t  i s  wrong 
inc reases .  Xe coLiLd define the  r e l i a b i l i t y  o f  i n f o m a t i o n  
&s t n e  p r o b a b i l i t y  that i t  i s  c o r r e c t .  Suppose we have a 
A s  t he  information i s  processed, 
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system whose r e l i a b i l i t y  i s  0.99 a t  a given time of operat ion;  
t h i s  could be in t e rp re t ed  t o  5e the  value of t h e  r e l i a b i l i t y  
of t h e  output information when the  i n p u t  information i s  cent  
per  cen t  r e l i a b l e .  
The concept of r e l i a b i l i t y  of information could be extend- 
ed t o  information handled by any phys ica l  system, inc luding  
s torage ,  transmission, r e t r i e v a l ,  where e r r o r s  a re  l i k e l y  
t o  be committed. When we speak of increas ing  the  r e l i a b i l i t y  
of systems, we mean t o  enhance information r e l i a b i l i t y ,  o r  
more fco r rec t ly ,  we w i s h  t o  keep up the  r e l i a b i l i t y  of  i n fo r -  
mation as i t  i s  handled and processed because dec i s ions  of 
varying importance may be made based on i t .  
information r e l i a b i l i t y  i s  r a t h e r  a b s t r a c t .  It i s  no t  
easy t o  a r r i v e  a t  a mathematical expression r ep resen t ing  
in fo rna t ion  r e l i a b i l i t y .  
o f  in forna t ion ,  we should be ab le  t o  es t imate  t h e  r e l i a b i l i  - 
t i e s  of a l l  phys ica l  devices handling the information unit. 
The concept of 
Before we es t imate  t h e  r e l i a b i l i t y  
J u s t  as hardware redundancy w a s  a n a t u r a l  method t o  en- 
hance system r e l i a b i l i t y ,  information redundancy appears t o  
be a poss ib l e  method f o r  improving information r e l i a b i l i t y .  
E r r o r  d e t e c t i n g  and c o r r e c t i n g  codes a re  examples of in- 
formation redundancy. Generally the  codes a r e  used i n  in- 
formation s torage  and sransmission. The u n i t s  of information 
have p a r i t y  check b i t s ,  i n  a d d i t i o n  t o  the  information b i t s .  
Although t h e  codes have been appl ied  t o  l o g i c  c i r c u i t s ,  they 
a r e  not  thoroughly su i t ed  t o  l o g i c  systems. The d i f f i c u l t y  
a r i s e s  from the  f a c t  t h a t  s p e c i a l  encoders and decoders have 
t o  be designed f o r  l og ica  u n i t s .  I n  t h i s  s ec t ion  a dLf- 
f e r e n t  approach i s  adopted. 
Information Repet i t ion  
When a man computes, he may repea t  his computation i n  
order  t o  check t h e  v a l i d i t y  of h i s  o r i g i n a l  r e s u l t .  The same 
p r i n c i p l e  could be extended t o  a d i g i t a l  system. Each cycle  
of opera t ions  i n  a logic: system could be repeated to ensure 
c o r r e a t  r e s u l t s .  
When a c i r c u i t  f a i l s  permanently the  above procedure i s  no t  
e f f e c t i v e  because t h e  same errors a r e  committed over and 
over. However, i n  some cases  t h e r e  may j u s t  be a temporary 
f a i l u r e  o r  no ise  in t e r f e rence .  T h i s  i s  h ighly  probable i n  
space veh ic l e s  amd other  systems subjected t o  no i se .  I n  such 
cases  information redundancy i n  the  form of information re- 
p e t i t i o n  may be e f f e c t i v e .  
I n  the  fol lowing paragraphs, a system, which uses the  
technique of r e p e t i t i o n  of l o g i c  opera t ions ,  i s  i l l u s t r a t e d .  
I n  f i g u r e  5, A i s  a l o g i c  system w i t h  i npu t s  X1, X2, 
and outputs  Y1' Y2,...Y m.  
se rves  the  purpose of  s t o r i n g  t h e  processed infomnation. 
The s e t  of f l i p f l o p s  B, C ,  and D 
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Figure 5 INFORMATION F.EDlfiDA3CY ( PAkP,LLEL OUTPUT) 
The opera t ion  i s  as follows. 
performed on t h e  input  data and the  output  i s  s to red  i n  the  
r e g i s t e r  B. 
on t h e  same da ta  and the r e s u l t s  a r e  en tered  i n  r e g i s t e r  B, 
whose con ten t s  now a r e  s h i f t e d  t o  C .  
conta ins  the information processed f i r s t  and B conta ins  t h e  
information processed next .  Next t he  sequence i s  repeated 
for the  second time, w i t h  t he  r e s u l t  tha t ,  the  r e g i s t e r s  D, 
B and C now conta in  "redundant information".  I f  the  opera- 
t i o n s  were not  a f f ec t ed  by noise  the  r e s u l t s  i n  the  r e g i s t e r s  
should agree.  The s h i f t i n g  opera t ion  i n  the  downward ( 1 ) 
d i r e c t i o n  i s  performed by the  s h i f t  pu lse  pl0 
The f i r s t  s e t  of opera t ions  i s  
Next, t h e  same s e t  of opera t ions  i f  performed 
Now the  C r e g i s t e r  
Now another  sequence of s h i f t  pu l se s  p2 i s  appl ied  so  
t h a t  t he  b i t s  a r e  s h i f t e d  along each r e g i s t e r  i n t o  t h e  major- 
i t y  organ, (M. 0. ) .  The major i ty  organ decides  t h e  output,  
which i s  the same as the major i ty  of t he  inputs .  
ins tance ,  i f  
D con ta ins  1 0 0 1 1 1 0  
B con ta ins  1 0 0 1 1 1 0  
C conta ins  
Thus, f o r  
0 0 1 1 1 11  , t h e  output  of t h e  major i ty  
organ would be 1 0 0 1 1 1 0 
It is  n o t  easy t o  c a l c u l a t e  t he  r e l i a b i l i t  of t h i s  scheme. 
I f  t h e r e  i s  a permanent f a i l u r e ,  a l l  t h e  t h r e e  redundant u n i t s  
of information would be wrong. The p r i n c i p l e  of t h e  scheme 
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i s  t h a t  when the  system i s  subjected to noise ,  t he  probabi l -  
i t y  t h a t  no ise  a f f e c t s  t he  system during two repeated opera- 
t i o n s  i s  small. If each s e t  of opera t ions  takes  time "t" 
and if t h e  p r o b a b i l i t y  t h a t  no ise  a f f e c t s  the  system dLzing 
t h e  i n t e r v a l  t i s  p? then the  p r o b a b i l i t y  t ha t  noise  a f f e c t s  
2 t he  system during t h e  successive i n t e r v a l s  i s  p , assuming, 
of course, t h a t  no ise  occurrences a r e  independent. The 
above t e l l s  us t h a t  by repeated operat ion,  t h e  p r o b a b i l i t y  
of no ise  a f f e c t i n g  the  r e s u l t s  i s  reduced. 
It has been assumed tha t  t h e  r e g i s t e r s  and t h e  major i ty  
organ f;xriction properly.  
The obvious cos% t o  be pa id  f o r  t h i s  p ro t ec t ion  aga ins t  
no ise  in t e r f e rence  is  increased time. T, time f o r  a t o t a l  
s e t  of operat ions,  is given as follows: 
T = 3t + m t  
P 
I! where 
"t ' I  s h i f t i n g  time f o r  each b i t  and "m" the  number of b i t s  
P 
t o  be s h i f t e d .  There i s  a l s o  an increase  i n  weight and 
cos t ,  introduced by t h e  r e g i s t e r s  and t h e  major i ty  organ. 
t!! i s  the  t i m e  f o r  a non-redundant s e t  of Operations, 
Let "cost"  be taken  as a f a c t o r  which includes p r i c e  as 
we l l  as weight; then i f  -W - i s  t h e  c o s t  of a f l i p f l o p ,  Wt 
P 
i s  the  c o s t  of t he  log ic  system and -Wm- i s  t he  c o s t  of the  
major i ty  organ, t h e  cos t  of t h e  redundant system may be given 
a s  
w1 = wt + 3 m ~  + wm 
P 
If the l o g i c  system under cons idera t ion  has  a se r ia l  out- 
put  i n s t ead  of p a r a l l e l  output,  much l e s s  ma te r i a l  aould 
be required,  bu t  a longer time would be taken. 
tem w i t h  s e r i a l  output  i s  ill ..,s:~.ted i n  f i g u r e  6 .  
successive b i t s  coming out  of the system A correspond t o  t h e  
same information b i t  and hence they would a l l  agree i f  t h e r e  
i s  no e r r o r .  
Such a sys-  
Three 
The b i t s  s t o r e d  ir, t h e  f l i p f l o p s  B, C, and D 
a1-2 i-estzlrzd by the r&j~ritg ?:-gzri. S i n c e  the cr;y,ber of 
r e g i s t e r s  has been reduced, t h i s  i s  more r e l i a b l e  and l e s s  
c o s t l y  than  the  system w i t h  p c - z l l e l  output .  B u t  time f o r  
a cyc le  of opera t ions  i s  ccmldyrab ly  increased.  
Summing up, when t h e  system i s  subjected t o  noise  i n t e r -  
f erence,  hardware redundancy may no t  be necessary t o  prevent 
e r r o r s .  I n  such a case, i n f o r n a t i o n  redundancy would pro- 
vide p r o t e c t i o n  aga ins t  system malfunction. The p r i c e  p a i d  
f o r  t h i s  i s  considerably increased time of processing da ta .  
There i s  more than  a three- fo ld  increase  i n  time f o r  t he  pro- 
cedure ou t l ined  above. 
When the  ob jec t  i s  to  p r o t e c t  t h e  system aga ins t  bo th  per- 
manent c i r c u i t  f a i l u r e  and i n t e r m i t t e n t  no ise ,  the n a t u r a l  
s o l u t i o n  would be t o  provide both hardware and information 
redundancies. 
. .  
A 
Fig .  6 INFOBMATION REDUNDANCY ( SERIAL OUTPUT ) 
Hardware and Information Redundancy 
Let u s  now o u t l i n e  a scheme that.  includes both hardware 
and information redundancies. Such a scheme i s  i l l u s t r a t e d  
i n  F ig .  7, which i s  j u s t  a t r i p l i c a t e  vers ion  of  t h e  system 
descr ibed i n  t h e  previous sec t ion .  A, B and C a r e  i d e n t i c a l  
c o n s t i t u t e s  t h r e e  &33 units. A s e t  of f l i p f l o p s ,  all, a12... 
r e g i s t e r s  which s t o r e  the output b i t s  from t h e  redundant u n i t s  
A, B and C .  A s  described e a r l i e r ,  t he  opera t ions  a re  perform- 
ed on the  same s e t  o f  da ta  during successive b i t  t imes t13 t2 
The major i ty  organs M1, M2 and M decide on the  major- 3' 3 and t 
i t y  of t h e  output  b i t s  s to red  i n  t h e  r e g i s t e r s .  The majori ty  
organ M4 decides  on t h e  major i ty  of t h e  outputs  M1, M2 and 
M3. 
it i s  i n t u i t i v e l y  c l e a r  t h a t  by performing redundant opera- 
I f  t h e  noise  in t e r f e rence  i s  assumed t o  be independent, 
t i o n s  i t  i s  poss ib l e  t o  reduce t h e  p r o b a b i l i t y  of e r r o r  due 
t o  noise .  
- 
R e l i a b i l i t y  Analysis 
A q u a n t i t a t i v e  ana lys i s  of t he  p r o b a b i l i t y  of success fu l  
opera t ion  of the above system, when no i se  a f f e c t s  i t ,  i s  
d i f f i c u l t .  We shall make some assumptions t h a t  would consi-  
derably s impl i fy  the  ana lys i s .  
Let t h e  p r o b a b i l i t y  tha t  no ise  a f f e c t s  the ,  system during 
any one of t he  redundant opera t ions  be p.  I n  o the r  words, p 










opera t ions  the  output b i t  i s  wrong because of no ise  i n t e r f e r -  
ence. The assumption we s h a l l  make i s  t h a t  t h e  above events  
a r e  independent. 
2 system during tl and t2 (during successive ope ra t ions )  i s  p 
and the  p r o b a b i l i t y  t h a t  no ise  a f f e c t s  t h e  system during tl, 
t2 and t i s  p30 
units ( the  r e g i s t e r s  a d  t h e  major i ty  organs) 
dred percent  r e l i a b l e .  
Then the p r o b a b i l i t y  %hat noise  a f f e c t s  t-he 
Let u s  f u r t h e r  assume tha t  t h e  r e s t o r i n g  3 
a r e  one hun- 
Consider t h e  map 1 shown below. Let each square corres-  
pond t o  a f l i p f l o p  aij  of the  r e g i s t e r s  shown i n  f i g u r e  
7. 'Then t h e r e  i s  a l s o  a correspocdence between t h e  squares 
of t h e  map and the  output b i t s  from t h e  u n i t s  A, B and C 
during tl, t2 and t Thus the  square 4 corresponds t o  t h e  3' 
f l i p f l o p  a21 as w e l l  as t h e  output  b i t  from u n i t  B dur ing  t 3' 
Let us, f o r  the convenience of ana lys i s ,  i n d i c a t e  a wrong 
b i t  ( t h e  b i t  a f f e c t e d  by no i se )  by c ros s ing  t h e  corresponding 
square. Thus map 2 i n d i c a t e s  t h a t  t h e  output  b i t s  f rom u n i t s  




Map 1 Map 2 
9 
There a r e  a t o t a l  of 2 (:) = 512 poss ib l e  
t=o 
26 
combinations of  outcomes from units A, B and C during tl, t2 
and t The event  (9.) = 1 corresponds t o  t h e  case of no 3' 
f a i l u r e s .  
f a i l u r e s  
Out of t he  poss ib le  511 poss ib l e  combinations of 
[g (?)=51/ ]  , t h e  system described guards aga ins t  
L =I 
255 combinations. The p r i n c i p l e  used i n  a r r i v i n g  a t  the  l a t -  
t e r  f i g u r e  i s  t h a t  f o r  t h e  schemefto prevent  system f a i l u r e s ,  
no two r e g i s t e r s  i n  f i g u r e  7 should have two o r  more wrong 
b i t s .  
rows should have two or more squares crossed.  
t i on ,  consider  map 3. 
This i s  e a s i l y  seen. Also, r e f e r r i n g  t o  map 1, no two 
As an i l l u s t r a -  
It t e l l s  u s  t h a t  u n i t  A f a i l e d  during 
and t (or had a permanent f a i l u r e )  and u n i t  3 f a i l e d  
t-? t, t, 3 
Map 3 
during tl and t2. 
and M2 (Refer t o  f i gu re  7) 
would y i e l d  t h e  co r rec t  r e s u l t .  
system output,  would be wrong. 
This means t h a t  t h e  major i ty  organs M1 
3 
Hence the  output of M4, t he  
would y i e l d  wrong r e s u l t s  and M 
Table 1 l i s t s  t h e  p r o b a b i l i t i e s  of t he  occurrence of t h e  
e v e n t s  shown i n  column 2 of the  same t a b l e .  
t h e  p r o b a b i l i t y  t h a t  a r e g i s t e r  conta ins  wmng information 
S i t s  i n  the  second and t h i r d  u n i t s  (corresponding t o  t2 and 













no emm azn 
t2’ %3 I 
P(1-p) p2 
d 1 - P )  P2 
. 
*. lla system. 
Pl iILe events  l i s t e d  :. 11-5 t s b l e  a r e  exclusi-Je and cons t i -  
t u t e  a imiverse I .  . '  + i ta1 p r o b a b i l i t y  of t he  8 events  
l i s t e d  i s  1). 2- 
impl ies  t h a t  e i t  em (A, B o r  C) has been a f f e c t e d  
by no i se  a t  tl, t 
* I  a t  t h e  event w i t h  3 e r r o r s  
ii.'--'1 t c,:.' a permanent f a i l u r e  has occurred. 
'Jsing table  1, - 5; .- f-mate the  p r o b a b i l i t y  of any 
. -  of  t h e  512 ever:_ _ _ _  L-  , .  A : c c x - ,  wren we take i n t o  account 
a l l  t he  t h r e e  r e g :  - ~ - ;c; t ke  p r a k a b i l i t y  o f  the event 
shown below i s  
I n c i d e n t a l l y ,  The ata-;i~ FT:+:.:- does not  r e s u l t  i n  system f a i l u r e  
although f i v e  ox+, of ::ine L i t 3  a r e  wrong! 
R e l i a b i l i t y  of trAe S C I X M ~  descr ibed would be t h e  probabi l -  
i t y  t ha t  no two regLzte1.s  c m t a i n  two o r  more wrong u n i t s  of 
information.  ' ?e re  aye -5g s-neh events .  The p r o b a b i l i t i e s  
a s soc ia t ed  w i t k  :I-:SE ey~e:!_* L: 2 r e  t h e  following: 
The p r o b a b i l i t y  t h a t  a l l  9 b i t s  a r e  e r r o r  f r e e :  
P1 = [r (1 - p) ] '. There i s  one such event.  
The p r o b a b i l i t y  t h a t  any one of 9 b i t s  i s  wrong: 
p2 = 9 [ rp  (1 - p j 2  x r  (1 - p ) 3  x r  (1 - p)31 
= 9 [r3 (1 - p) 8 p] . Note t h a t  (:) = 9 
The p r o b a b i l i t y  t h a t  any two b i t s  a r e  wrong 
P3 = 36r 3 (1 - p)  7 2  p , no t ing  that  ( z) = 36. 
The p r o b a b i l i t y  t h a t  any three b i t s  a r e  wrong 
P4 = 
_. 'me p r o b a h i l i t y  t h a t  a l l  t h r e e  wrong b i t s  a r e  i n  t h  
same r e g i s t e r  + t h e  p r o b a b i l i t y  t h a t  t h e  t h r e e  
wrong b i t s  a r e  d i s t r i b u t e d  
= 3r 2 (1 - p )  6 (1 - r + r p  3 ) -+ 81r3 (1 - p)6p3; note 
t ha t  (2) = 84 
The p r o b a b i l i t y  t h a t  t h e r e  are 4 e r r o r s  which are swamped 
= The p r o b a b i l i t y  t h a t  t h e r e  a r e  3 i n  one and 1 i n  
another  + the p r o b a b i l i t y  t h a t  t h e r e  a r e  2 i n  one 
and 1 i n  each of the remaining units. 
p5 
= 18 (1 - r + rp3)  (1 - p)' pr2 + 81 [r3 p4 (1 - 
The c o e f f i c i e n t s  18 and 81 correspond t o  t h e  num- 
be r  of  the  events .  
The p r o b a b i l i t y  t h a t  t h e r e  a re  5 e r r o r s  which a r e  swamped 
P6 = t h e  p r o b a b i l i t y  t h a t  t h e r e  a r e  3 i n  one and one i n  
each of t h e  remaining two units. 
= 27 (1 - r + r p  3 ) ( r  2 2  p (1 - p )  4 ); note  that  t h e r e  
are 27 such events .  
The t o t a l  p r o b a b i l i t y  that the  redundant system we have 
descr ibed ope ra t e s  c o r r e c t l y  i s  L e . 
i= I 
The above p r o b a b i l i t y  w a s  c a l cu la t ed  f o r  s e v e r a l  va lues  
of r and p and the results a re  shown i n  t a b l e  2.  We should 
note  here  t h a t  t h e  foregoing a n a l y s i s  holds only under t h e  
assumption tha t  noise  in t e r f e rence  i s  independent. 
Another way of implementing combined redundancy i s  shown 
i n  f i g u r e  8. The d i f f e rence  between t h i s  system and the 
system j u s t  analyzed i s  c l e a r  from t h e  corresponding f i g u r e s ,  
A study of t h e  second system would show us tha t  t h i s  again 
swamps 256 out of t h e  poss ib le  512 combinations of errors 
i n  the b i t s  s to red  i n  the r e g i s t e r s .  However t h e  e r r o r s  
swamped a re  not  a l l  t h e  same as the  ones swamped by t h e  f i r s t  
system. An a n a l y s i s  of t h i s  scheme i s  i d e n t i c a l  t o  the  
a n a l y s i s  of t he  scheme f i r s t  descPi.bed and hence w i l l  no t  
repeated.  
We should mention here t h a t  t h e r e  may be some compensating 
f a i l u r e s  i n  the  system, inc luding  tne  r e g i s t e r s  and t h e  major- 
i t y  organs. For instance,  i n  t h e  scheme shown I n  f i g u r e  7, 
i f  t h e  major i ty  organ I$ and t h e  u n i t  A f a i l ,  t h e  output from 
Ma would s t i l l  be co r rec t !  T h i s  holds,  of course,  only under 
t h e  assumption t h a t  f a i l u r e s  a r e  worst case" .  We can e a s i l y  
show tha t  t h e r e  a re  seve ra l  such in s t ances  of compensating 
e r r o r s .  Bu t  we shal l  n o t  make a d e t a i l e d  a n a l y s i s  of the 
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TABLE 2 :  ESTIMATES OF REEJABILIY'Y U S I N G  HARDWARE A - b L  
INFORMATION REDUNDANCIES 
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CHAPTER I V  
REDUNDANCY TECHNIQUES I N  THRZE 
LEVEL LIOGIC CIRCUITS 
Redundancy techniques t o  improve t h e  r e l i a b i l i t y  of two 
l e v e l  l o g i c  c i r c u i t s  have been proposed and s tud ied  by 
s e v e r a l  authors .  I n  t h i s  chapter ,  w e  sha l l  extend some of 
the  concepts t o  t h r e e  l e v e l  l o g i c  c i r c u i t s ,  
Three-valued Logic 
Almost a l l  of t h e  present  day d i g i t a l  c i r c u i t s  u s e  two 
valued l o g i c .  A signal may be "On" or " O f f " ,  t h a t  i s ,  t h e  
t r u t h  value is  1 or  0.  There is ,  however, no t h e o r e t i c a l  
l i m i t a t i o n  t o  t h e  value of t h e  l o g i c .  I n  t h r e e  valued log ic ,  
a v a r i a b l e  may assume one of t h r e e  values:  0, 1 o r  2 .  
Severa l  people have explored t n e  p o s s i b i l i t y  of designing 
d i g i t a l  systems using th ree  l e v e l  ( t e r n a r y )  l o g i c  c i r c u i t s .  
The advantage of three l e v e l  l o g i c  i s  tha t  more information 
could be represented using l e s s e r  hardware. Thus t h e  s i z e  of 
t h e  machine could be reduced. I n  a d d i t i o n  t o  t h i s ,  some of 
the  p e c u l i a r i t i e s  of t h r e e  l e v e l  l o g i c  could be favorably 
exp lo i t ed .  
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Majori ty  Technique 
Let us  extend the  concept of t r i p l e  redundancy t o  improve 
the r e l i a b i l i t y  of th ree  l e v e l  l o g i c  c i r c u i t s .  
The redundant system r e p r e s e n t a t i o n  i s  t h e  same as t h a t  
f o r  two l e v e l  l o g i c .  
7. We r e c a l l  t h a t  A, B and C are redundant i d e n t i c a l  systems. 
The outputs  ?Il, X2 and X 
0, 1 or 2. Correct  opera t ion  implies  t h a t  a l l  t he  three be 
the same. I n  case o f  f a i l u r e ,  they may be d i f f e r e n t .  
Hence w e  could r e f e r  t o  f i g u r e  1, page 
may now have nay one of t h e  values  3 
3' There a re  27 possible  combinations of X1, X2, X 
x1-012 0 1 2  0 1 2 - 0 1 2  0 1 2  0 1 2 - 0 1 2  0 1 2  0 1 2  
x*-000 1 1 1  2 2 2 - 0 0 0  1 1 1  2 2 2 - 0 0 0  1 1 1  2 2 2  
x 0 0 0  0 0 0  0 0 0 - 1 1 1 1 1 1 1 1 1 - 2 2 2  2 2 2  2 2 2  
When the t h r e e  systems func t ion  c o r r e c t l y  X1 = X2 = X 
1 or 2. 
3- 
= 0, 3 
The Majori ty  Organ may be designed t o  produce an output  
which i s  the same as the ma jo r i ty  of t h e  inputs ,  a s  i n  t h e  
case of two valued log ic .  However, t h e r e  i s  a s m a l l  problem. 
There are 6 combination of X1, X2, X 
i n  which a l l  t h e  three d i f f e r  from one another .  They are ,  
ou t  of the poss ib l e  3 
0 0  1 1  2 2  
1 2  0 2  0 1  
x1 
x2 
x2 2 1  2 0  1 0  
J 
How does the  Majority Organ decide? 
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A c l o s e r  study shows t h a t  the above apparent ly  ambiguous 
s i t u a t i o n  comes under the case when two of t h e  t h r e e  
redundant systems fa i l !  
no two can be c o r r e c t .  
expected t o  give p ro tec t ion  aga ins t  system f a i l u r e ,  when 
two spbsystems f a i l .  
fa i l ,  system malfunctions as i n  the case of two l e v e l  l o g i c .  
Hence it does no t  r e a l l y  matter what t h e  output  i s ,  when th ree  
inpu t  s i g n a l s  t o  t h e  Majority Organ a r e  d i f f e r e n t .  
Since, when a l l  the three d i f f e r ,  
Fur ther ,  t r i p l e  redundancy i s  not  
I n  o t h e r  words, when two subsystems 
'The p r o b a b i l i t y  of successfu l  opera t ion  o r  t h e  r e l i a b i l i t y  
of t he  system may be given by the  expression 
R = (P3 + 3P2 (1-P)) = r ( P 2  (3-2P)) 
where r = r e l i a b i l i t y  of t he  Majori ty  Organ and 
p = r e l i a b i l i t y  of t h e  system. 
It i s  appropr ia te  f o r  u s  t o  c l a r i f y  what we mean by f a i l u r e  
in t h r e e  l e v e l  l o g i c .  W e  shal l  say tha t  a system has f a i l ed  
i f  t h e  a c t u a l  output does not  correspond t o  t h e  c o r r e c t  out- 
put--whether t h e  former d i f f e r s  from t h e  l a t t e r  by one or 
two l e v e l s  makes n o  di f fe rence .  
Synthes is  of the Majority Organ 
Before w e  a t t e m p t  t o  synthes ize  the Majori ty  Organ l e t  us  
cons ider  some of t h e  c h a r a c t e r i s t i c s  of t h e  a lgebra  of 
valued l o g i c .  
as follows: 
n 
A "cycle" opera t ion  i n  n valued l o g i c  i s  def ine!  
If A = tk ( tha t  is, t h e  t r u t h  value of A i s  tk), 
cycle  A = A = ( t  + 1) mod n .  The cyc le  opera t ion  f o r  t h r e e  
valued l o g i c  i s  as follows: 
k 
A 0 1 2  
1 2 0  
2 0 1  
A i s  obtained by cycl ing A.  
i)ost12 and Webb13 have def ined f u n c t i o n a l l y  complete 
opera t ions  f o r  n valued l o g i c .  A n  opera t ion  i s  said to 
be f u n c t i o n a l l y  complete when any func t ion  of t he  v a r i a b l e s  
could 3e expressed i n  terms of t he  def ined operation, which 
i s  c a l l e d  the  "Primitive 3pera t ion" ,  An example of such an 
ope ra t ion  i n  two l e v e l  l o g i c  i s  "NAND". 
Webb'4 has def ined the  func t iona l ly  complete opera t ion  
"/" for n valued l o g i c .  I f  A = tk, B = t then  A/B = 
j' 
( m m  tk ,  tj+l ) mod n.  
i s  shown below: 
T h i s  opera t ion  i n  th ree  valued l o g i c  
l2 E. L. Post, "Introduct ion t o  a General Theory of Pro- 
pos i t i ons" ,  h e r .  J. Math., 
l3 D. L. Webb, "GeneraZion of Any N Valued Logic by One 
Binary Operation", P roc .  N a t .  Acad. U .  S. A .  2 1  (1935), 
43 (lpl), pp. 163-185. 
pp. 252-254. 
14De L. Webb, "Defini t ion of P o s t ' s  Generalized Negative 
and M a x i m u m  i n  terms of One Binary Operation", A m e r .  J. Math., 
58 (19361, PP. 193-194. 
37 
A 0 1 2  
B 0 0 0  
A/B=A+B = 1 2 0  
0 1 2  0 1 2  
1 1 1  2 2 2  
2 2 0  0 0 0  
I n  add i t ion  t o  the  above func t ion  (/), "ANDfr and "cycle" 
form a p a i r  of func t iona l ly  complete func t ions .  The "OR" 
and r tcycleff  form another p a i r .  I n  t h r e e  valued log ic ,  the 
!'A?SCI" and rrOR': operat ions a r e  def ined as fol lows:  
A 
B 
0 1 2  0 1 2  
0 0 0  1 1 1  
0 1 2  
2 2 2  
0 0 0  0 1 1  0 1 2  - -4 B - 
(min. value)  
A + B  - 0 1 2  1 1 2  2 2 2  
[ m a x .  value)  
- 
The simplest, method of implementing the  major i ty  organ 
i s  t o  use If AND" and "0R"operations. C i r c u i t s  t o  perform 
t e s t e d .  15 
theseopera t ions  i n  th ree  l e v e l  l o g i c  have been designed and 
The output Y = X1X2 + X, X + X X 2 3  3 4' 
Figure 9 shows how the major i ty  organ i s  implemented 
using the above opera t ions .  
An attempt w a s  made t o  synthes ize  the  major i ty  organ 
l 5 N .  F. J. Matthews, "fin Algebra of Three Valued Logic and 
I t s  Applicat ion t o  D i g i t a l  C i r cu i t ry" ,  George Washington 
Univers i ty  Thesis,  1959 
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Figure 9 THE MAJORITY ORGAN 
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x ‘Z, + X*’ x + x x1 1 2  3 3 
I 
~ 
using the func t iona l ly  complete opera t ion  "/" defined by Webb. 
16 The c i r c u i t  f o r  t h i s  has been designed and t e s t e d .  
The r e s u l t  of t he  study showed t h a t  t h e  major i ty  organ 
so  synthesized i s  much too  complex and does not  s a t i s f y  
t h e  bas i c  n e c e s s i t y  of redundancy t o  imporve r e l i s b i l i t y ,  
namely s i m p l i c i t y .  The s tandard b a s i s  and t he  des igna t ion  
number of t h e  des i r ed  output,  t oge the r  w i t h  t h e  11 Don't-Care" 
terms (shown by X) a r e  shown below. 
X 1 - - 0 l 2  0 1 2  0 1 2 - - 0 1 2  0 1 2  0 1 2 - - 0 1 2  0 1 2  0 1 2  
x , - - 0 0 0  1 1 1  2 2 2 - - 0 0 0  1 1 1  2 2 2 - - 0 0 0  1 1 1  2 2 2  
x 3 - - o o 0  0 0 0  0 0 0 - - 1 1 1  1 1 1  1 1 1 - - 2 2 2  2 2 2  2 2 2  
Majori ty  Grgan output  
= o o o  0 1 x  O X 2 - - 0 1 X  1 1 1  x 1 2 - - o x 2  x 1 2  2 2 2  
xlx, + x,x + x x 
A #- .3 3 1  
~ 0 0 0  1 1  0 1 2 - - 0 l l  1 1 1  1 1 2 - - 0 1 2  0 1 2  2 2 2  
It i s  seen t h a t - t h e r e  a re  s i x  "Donlt Care" terms each cor- 
responding t o  the  input combination of t h r e e  d i f f e r e n t  $-dues  
l6David Hardy Nelson, "An adder-Subtracter  Using Three 
Valued Logic", George Washington Univers i ty  Thesis, 1962 
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'The func t ion  synthesized using t h e  opera t ion  i s  
- - - - - 
+ x-. 1 + x2 + 1 + x1 + x* + 1 + x2 + 1 + x1 
J 
r c i - r  * c  7 n - 7  . .  C-r ---e- 
-lLc . r L a J u ~ L v y  u15;a;l SG Gbttdiiied i s  siiowri in f i g u r e  i z t .  
It is LJeadily seen t h a t  t he  major i ty  organ s o  obtained i s  
cmFi.elz compared t o  the one implemented using "AND':, "OR", 
opsr2>:iar,s. Hence t h e  l a t t e r  i s  p re fe r r ed .  
Exteasion f r o m  % =  3 t o  2n -+- 1 redundancy i n  t h r e e  
level. Logic i s  straight forward. The f a c t  t h a t  t h e  outputs  
of t h e  redundant u n i t s  may assume any one of t h r e e  values  does 
not  pose any s p e c i a l  problem. 
redl.,xdant system y i e l d s  c o r r e c t  output  when n + 1 of the  
2-i i 1 c i r c u i t s  func t ion  properly.  
A s  i n  two valued log ic ,  t h e  
T/, = 5, t h a t  i s ,  n = 2 .  Let u s  cons ider  t h e  case A t  -
leas5 
c o r r e c t l y  f o r  success .  
t h r e e  units and the  major i ty  organ should func t ion  
I f  t h e  redundant ou tputs  a r e  XI, X2, 
+ X5, t h e  "Majority Function", would be X1 X2 X 3 x,, "4-. a 
x l + x  * XI x 2 +  x5 5 x,2 x7  x4 + x * x4 x + x4 ./ 3 5 
x ; * l i ( : ; * x  + x 2 . x 4 * x  + x  - x 5 - x 1 + x  * X 4 ' X 1 +  
._, 5 5 3 3 - 




opera t ions  i n  t h r e e  l e v e l  l o g i c .  
An i n t e r e s t i n g  s i t u a t i o n  arises when X1 = 0, X2 = 0, 
2. The impl ica t ion  i s  t h a t  a t  l e a s t  5 =  X = 1, X4 1, and X 3 
three have malfunctioned; s ince,  i f  t h r e e  func t ion  c o r r e c t l y  
we should have t h r e e  i d e n t i c a l  ou tputs .  I n  the  above s i t u -  
a t i o n  the output  would be 1, which may o r  may no t  be c o r r e c t .  
Dual Eedundancy 
We w i l l  now extend the concept of dua l  redundancy t o  
t h r e e  valued l o g i c .  
r e c e l l  t h a t  A and B a re  two i d e n t i c a l  u n i t s  and C i s  a?? addi- 
t i o n a l  un i t .  During normal opera t ions ,  A and B give the same 
output .  
w i l l  no t  be i d e n t i c a l .  
t h e  r e s t o r i n g  u n i t  t o  have two outputs ,  Y1 and Y2. 
use t h e  ex is tence  of t h ree  l e v e l s  t o  give u s  a d d i t i o n a l  i n fo r -  
mation about t h e  f a i l u r e .  We can design Y t o  a t t a i n  l o g i c a l  
1, when the  outputs  of A and B d i f f e r  by one l e v e l  and log i -  
c a l  2, when the outputs  d i f f e r  by two l e v e l s .  The "restoDed" 
output  Y1 may be synthesized t o  y i e l d  t h e  minimum value of 
X1, X2 t h e  outputs  o f  the i d e n t i c a l  u n i t s .  
w e l l  been t h e  maximum value of X1, X2. 
of the c i r c u i t  used w i l l  be h e l p f u l  i n  making the  above 
dec i s ion .  
Referr ing t o  f i g u r e  4 (page l3), we 
I n  case of f a i l u r e  of A o r  B o r  both, t h e  outputs  
A s  i n  two valued l o g i c  we can design 
We may 
2 
T h i s  could have 
Actual ly  a knowledge 
Y2 would then be synthesized as fol lows:  
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0 1 2  
2 2 2  
0 1 2  0 1 2  
0 0 0  1 1 1  
1 x 
x2 
y2 0 1 2  1 0 1  2 1 0  
Vsing "AND", ''OR'! and "CYCLE" elements, we 
' 1  . 
have 
- - _I -- - 130 
y2 = ( X*+X*) *x1+(x*+x2) 'X1.(X,ix,)+(X2+X2) =((~l+x,)+xl=x,). 
Dual redundancy i s  thus e f f e c t i v e  i n  d e t e c t i n g  e r r o r s  





The fol lowing work h a s  been done. 
1. Redundancy techniques t o  improve the  r e l i a b i l i t y  of 
two l e v e l  l o g i c  c i r c u i t s  were inves t iga t ed .  
p r i r x i p l e  was out l ined.  I n  the  Appendix B, a q u a n t i t a t i v e  
study of t h i s  i s  made and a p a i r  of  terms a r e  def ined.  
computer program has been w r i t t e n  t o  de te rn ine  the  redundant 
conf igura t ion  compatible w i t h  system requirements.  
The major i ty  
A 
2 .  The concept of d u a l  redundancy w a s  considered and 
it w a s  shown how t h i s  could be used t o  enhance the  r e l i a b i l i t y  
of l o g i c  c i r c u i t s .  
I I  3. The concept o f  Information R e l i a b i l i t y "  was in t ro -  
duced. 
i n t e r f e rence  w a s  presented.  
A technique for p r o t e c t i n g  systems aga ins t  noise  
4. The major i ty  technique used i n  two l e v e l  l o g i c  was 
extended t o  t h r e e  l e v e l  l o g i c  c i r c u i t s .  
5. A b r i e f  study of quadded l o g i c  and t r i p l e t  scheme 
i s  made i n  Appendix C -  
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CHAPTER V I  
From the  cu r ren t  study, t h e  following conclusions have 
been reached. 
T?..-.d-...--- - . . -J , - - -d- . - - - -  iial u w a i  c e euuiluailL:y IS ~ e 2 - y  e f f e c t l ~ t .  wiier-i permarreni  
f a i l u r e s  occur;  it may no t  be as e f f e c t i v e  where t h e r e  i s  a 
noise  i n t e r f e r e n c e .  When t h e r e  i s  temporary c i r c u i t  f a i l u r e ,  
hardware redmdancy may n o t  be r e a l l y  necessary--a slmple 
r e p e t i t i o n  of information ( information o r  operat ion redun- 
dancy) may be s u f f i c i e n t .  Where t h e r e  i s  a noise  in t e r f e rence ,  
it i s  q u i t e  l i k e l y  that a l l  redundant systems a r e  a f f e c t e d .  
Once again information redundancy would be b e t t e r  s u i t e d .  
The t r a d e  o f f  i s  between m a t e r i a l  (p r i ce ,  weight, e t c . )  and 
t h e .  
On the  o t h e r  hand, when t h e r e  i s  a permanent c i r c u i t  
f a i l u r e ,  information redundancy i s  use l e s s .  When e r r o r s  a re  
committed, they a r e  repeated. I n  such a case,  hardware 
redundancy appears to be the only s o l u t i o n .  
'&en the  system i s  t o  be p ro tec t ed  aga ins t  permanent 
f a i l u r e s  and temporary f a i l u r e s  as we l l  a s  noise ,  both hard- 
"are and information redundancies may be used. Increased 
cos t ,  time and weight are the  p r i c e  t o  be p a i d .  

APPENDIX B 
I n  t h e  fol lowing paragraphs we sha l l  make a b r i e f  qum- 
t i t a t i v e  study of t h e  redundancy technique using r e s t o r l n g  
organ (ou t l ined  i n  Chapter 111). 
The genera l  l ayout  of a system using output  vo t ing  i s  
shown i n  Figure 11. The system i f  broken i n t o  m subsystems. 
There a r e  
each subsystem l e v e l .  The major i ty  of t h e  redundant subsys- 
tems and t h e  major i ty  organ should opera te  c o r r e c t l y  f o r  t h e  
successfu l  opera t ion  of t h e  system. 
( ?= 2n + 1, an odd number) i d e n t i c a l  u n i t s  a t  
The r e l i a b i l i t y  o f  the system, as s t a t e d  i n  Chapter  111, 
i s  as follows: 
q, = 2n + 1. The o ther  v a r i a b l e s  have a l ready  been def ined.  
(See Chapter 111, Majority Organ). 
R e l i a b i l i t y  of a subsystem, r, may be expressed by t h e  
i s  the f a i l u r e  usual exponent ia l  low, r = e - A t S  where 
r a t e ,  i n  f a i l u r e s / u n i t  time, of t h e  subsystem. If each one 
of t h e  subsystems i s  assumed t o  be o f  equal  s i z e  and t o  con- 








components i s  A, failure/hour, then t h e  f a i l u r e  rate of the 
su5systern may be given as I?& fail . /hr,  Let the f a i l u r e  
r a t e  of  each of the components of the ma jo r i ty  organ be A 
fa i lure /hour .  The f a i l u r e  rate f o r  t h e  ma jo r i ty  organ may 
the number of components. 
The r e l i a b i l i t y  of  the redundant system is now expressed 
i n  terms of f a i l u r e  r a t e s  as 
On t h e  fol lowing four  pages var ious  p l o t s  of i n t e r e s t  a r e  
shown. They a r e  self explanatory.  
Although considerable  increase  i n  r e l i a b i l i t y  can be ach- 
ieved using the above technique, increased weight and c o s t  
may be l i m i t i n g  f a c t o r s .  
t a n t  f a c t o r  i n  space veh ic l e s ,  Let us def ine  a factor which 
would give us a f a i r  idea of t he  increased weight o r  cos& o r  
both.  Let & be t h e  r a t i o  o f  t he  "cos t"  of t he  major i ty  or- 
gan pe r  input  t o  t h a t  of t h e  o r i g i n a l  non-redundant system. 
The c o s t  shal l  include weight and price., 
c i t y ,  j u s t  cons ider  t h e  weight.  l7 
l7 Weight i s  t h e  donrinant f a c t o r  i n  some important appl ica-  
t i o n s  l i k e  space vehic les .  
F o r  ins tance ,  weight i s  an impor- 
Let us, f o r  s impli-  
Then o( i s  t h e  r a t i o  of 
t 
Figure  12 a KZLIABILi?'Y OF "V)-" - REDUNDANT SYSTEM 
























Figure 1 2  b MINIMUM MAJORITY ORGAN RELIABILITY FOR 
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Figure 12 d REDUNDANCE FACTOiI( R F ) FOR D I F F E R E N T  
CONFIGURATIONS 
t h e  weight of t h e  majori ty  organ (per  i npu t )  t o  t h e  weight 
of t h e  non-redundant system. 
f a c t o r ,  i n  gene ra l )  of t h e  system. 
Let k be t h e  wieght (a  c o s t  
Let us  now def ine  Redundance Factor  as t h e  r a t i o  of t h e  
redundant system c o s t  t o  t h e  c o s t  of t he  non-redundant sys- 
- t e m .  The c o s t  of the redundant system i s  i k  + (%ti)rn < k 
and t h e  c o s t  of the non-redundant system i s  k.  
The l i m i t i n g  va laes  of RF may be obtained as fol lows:  
approaches zero ( t h e  major i ty  organ i s  of neg l ig iS le  c o s t  
compared t o  the non-redundant system), R F  =% 
As o( 
A s  O( appmaches one ( t h e  c o s t  of t he  major i ty  organ i s  
= 1 + (2,) of' t he  o rde r  of t h e  non-redundant system), 
For t r i p l e  redundancy, the  above l i m i t s  reduce t o  3 and 
3 + 3m. 
Let us de f ine  g a i n  i n  r e l i a b i l i t y ,  G as follows 




.. A computer program (FORTRAN I1 D )  was w r i t t e n  t o  evalu- 
a t e  t h e  e f f e c t i v e n e s s  of d i f f e r e n t  red7mdant conf igura t ions  
using t h e  p r i n c i p l e  of output vot ing.  The f L o w  e h a r t  f o r  the  
program i s  given on t h e  foiilowing page. The program de te r -  
mines t h e  minimum value of t h e  maJwiId-  organ r e l i a b i l i t y  f o r  
imporvement i n  system r e l i a b i l i t y  fcr. d i f f e r e n t  conf igura t ions .  
Given t h e  ma jo r i ty  o r g a l  r e l i a b i l i t y ,  t h e  program determines 
t h e  redundant system r e l i a b i l i t y ,  gain and  redundance f a c t o r .  
From t h e  r e s u l t s  obtained we could dete:zr--_ine the  configura- 
t i o n  t h a t  i s  compatible w i t h  system r?qlAirements. The pro- 
gram was nu? on the IBN 1620 ccm-puts:? f o ~  a few a r b i t a r i l y  
chosen values  of t he  parameters (thls :..as done j u s t  t o  t e s t  






















I )  R(non redundant system r e l i a b i l i t y  .85 


















































Red -md ant 

























1 D 110 
1 120 















7 e 175 
7.350 
2'"'" 
<=.001 RF Gain 
3.003 
1.050 - 3.015 




1.05 I 5 0 050 
5.~00 
1 .og 7-035 
TASLZ 3: ESTIMATES OF KELIABILITY U S I N G  HARDWARE 
RZDUTJDANCY (sample r e s u l t s  of computer 
program) 59 
- .  
EiPPEraDIX C 
We sha l l  b r i e f l y  o u t l i n e  two o f  t h e  more important and 
(a)  Quadded l o g i c  o f t e n  mentioned redundancy techniques: 
proposed by Tryon and (b) 
Maithra. 
T r i p l e t  scheme introduced by 
(E).  Qdadcied ~ ~ g i c  
The scheme c o n s i t s  o f  cons t ruc t ing  the  o r i g i n a l  network 
i n  quadrupl ica te ,  The quadded networks &re f e d  w i t h  i d e n t i -  
cal i npu t s .  Tfiey produce i d e n t i c a l  ou tputs  when t h e r e  i s  no 
f a i l u r e  or malfunction. I f  t h e r e  i s  a f a i l u r e ,  proper  in-  
terconnect ions of the  quadding he lp  swamp t h e  e r r o r  i n  t h e  
subsequent l e v e l s .  The p a t t e r n  of  t h e  connections i s  the 
basis for t h e  suppression of e r r o r s .  Tryon has descr ibed 
t h e  proper p a t t e r n s .  
The scheme prevents  system f a i l u r e  due t o  a s i n g l e  com- 
ponent f a i l u r e  and t a k e s  ca re  of many mul t ip l e  e r r o r s ,  as 
wel l .  The non-redundant ve r s ion  of a network i s  shown i n  
f i g u r e  14a. The redundant vers ion  i s  shown i n  f i g .  1 4 b .  
A s  an i l l u s t r a t i o n  l e t  us cons ider  t h e  case when a1 
f a i l s ,  y i e l d i n g  an output of 0 in s t ead  of 1. We, r e a d i l y ,  
see t h a t  i n  the  next l eve l ,  t h i s  i s  co r rec t ed  a t  c1 (ORgate) 
How- 
and a t  c 3 (ORgate) by the  c o r r e c t  ou tpu t , c l ,  from a 3' 
ever,  i f  a1 f a i l s ,  y i e l d i n g  1 f o r  0, and the  c o r r e c t  output  
b from bl, b2> 
l e v e l  before  i t  i s  cor rec ted .  
b4 i& 9, t h e  f a i l u r e  propagates t o  one more 3' 
T h i s  may be e a s i l y  checked. 
An exact  es t imate  o f  t h e  improvemwt i n  r e l i a b i l i t y  of 
t h i s  has  not  been made, because the e r r o r s  a r i s i n g  from the  
f a i l u r e s  a r e  suppressed depending on the  l o c a t i o n  of the  
f a i l u r e s .  Mult iple  f a i l u r e s  w i l l  no t  a f f e c t  t he  system, 
provided they  a r e  n o t  c l o s e  toge the r .  A "worst case"  e s t i  - 
mate i s  made by assuming t h a t  a t  l e a s t  t h r e e  of t he  fou r  
g a t e s  should opera te  properly,  f o r  success .  I f  t he  probab- 
i l i t y  of c o r r e c t  operat ion of a s i n g l e  ga te  i s  p, t he  probab- 
i l i t y  of successfu l  operat ion of t he  quadded scheme i s  
P = p  4 + 4 p  3 ( 1 - p )  
= P 3 (4  - 3P) 
A p l o t  of the P versus p i s  shown i n  f i g u r e  14c. It i s  seen 
tha t  only when p >  0.76 t h e r e  i s  improvement i n  r e l i a b i l i t y .  
b ) .  T r i p l e t  Scheme 
The t r i p l e t  scheme c o n s i s t s  i n  r ep lac ing  a s i n g l e  ga t e  
by t h r e e  g a t e s  (See f igu re  15.) The p r i n c i p l e  used i s  t h a t  
t h e r e  a r e  redundant s t a t e s  i n  each of t h e  blocks A, B and 
C of t he  t r i p l e t .  
Maithra has shown t h a t  f o r  m a x i m u m  r e l i a b i l i p y ,  i f  the  
t r i p l e t  i s  t o  perform OR func t ion ,  t h e  '!normal" func t ions  of 
Figure  143 QUADDED V E R S I O N  
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A, B and C should a l s o  be OR. Supposing, t h e  t r i p l e t  has 
been designed f o r  an OR func t ion  and B malfunctions y i e l d i n g  
XI* X2 (where X1,. X, are  the  i n p u t s ) ,  t he  output of t h e  t r i p -  
l e t  would be X1 + X2 + X1. X2 = X1 + X2, assuming A and C 
work proper ly .  There are more such redundant s t a t e s .  Simi- 
a r l y  f o r  "AND" funct ion,  t h e  normal func t ion  of A, B and C 
should be AND. 
- 
The a n a l y s i s  has no t  been extended t o  a NOT ga t e  and i s  
incomplete. I n  s p i t e  of the  shortcomings, t he  method i s  a 
novel one. 
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